Abstract. The number of "nonequivalent" Huffman codes of length r over an alphabet of size t has been studied frequently. Equivalently, the number of "nonequivalent" complete t-ary trees has been examined. We first survey the literature, unifying several independent approaches to the problem. Then, improving on earlier work we prove a very precise asymptotic result on the counting function, consisting of two main terms and an error term.
1. Introduction 1.1. A problem in coding theory. Let a source S emit r words w 1 , . . . , w r with probabilities p 1 , . . . , p r respectively. Here 0 ≤ p i ≤ 1 and r i=1 p i = 1. For each word w i we assign a code word c i = c i (w i ) over an alphabet of size t. Let l i denote the length of the codeword c i . For a given source S, a compact code minimises the average length l = r i=1 p i l i . Huffman [16] showed how to construct a code with minimum average word length, given the word probabilities p i . These Huffman codes are prefix-free, and can therefore be decoded instantaneously. Moreover these codes can be found efficiently.
The Kraft-McMillan inequality states: For an alphabet of size t and a source that emits r words, a necessary and sufficient condition for the existence of an instantaneous code with code word lengths l 1 , . . . , l r is that r i=1 1 t l i ≤ 1.
(1.1)
Moreover, for the existence of a uniquely decipherable code inequality (1.1) is necessary. Let us call a code compact if it satisfies the Kraft equality:
When multiplying the equation by t lr we observe that in a compact code the number of codewords of maximal length l r is divisible by t. Also, if there are two distinct codewords starting with the same prefix a 1 . . . a q but then continuing differently, a 1 . . . a q b 1 . . . and a 1 . . . a q b 2 . . ., then all t possible symbols must occur at position q + 1. In other words, if a sequence branches, it branches into all t possible directions. This is the reason why it is possible to model the situation by means of a rooted t-ary tree, which we do below. As it is possible to arrive from a given Huffman code at a solution of equation (1.2) , and vice versa, to arrive from a solution to this equation at an admissible Huffman code it is natural to consider all Huffman codes with the same set of word lengths as "equivalent"codes. Below we list a number of alternative ways of defining our main object. This reflects that the same type of question has been studied from various points of view, often without being aware of the corresponding results expressed in a different mathematical language.
We use Kraft's equality as the basis for our first definition. It stresses the number theoretic properties and was at the origin of the Boyd's [5] work.
Definition 1 (Number theoretic definition). Let f t (r) denote the number of solutions of the equation
where the x i are nonnegative integers and
For more information on other counting functions related to representations of one as a sum of unit fractions, see [6] and [8] .
Collecting the number of words of the same length (corresponding to x i in the last definition), one arrives at an alternative definition: From our point of view, all codes with the same number of words of a given length are equivalent. This suggests the following definition: Definition 2 (Huffman sequences). Let t ≥ 2 and r ≥ 1 be positive integers. Let f t (r) denote the number of sequences of non-negative integers
1.2. Rooted trees. Let us recall some vocabulary from graph theory: A rooted tree is a connected cycle free graph, with one vertex being distinguished (root). (We will draw it on the top, all other vertices below). We say the tree is t-ary, if all those vertices, which are not the root, are either a leaf, that is an end of a path from the root, or have one predecessor and t children. All non-leaves are called inner vertices. Note that the root is also an inner vertex unless for the trivial tree of order one. In other words, for the trees we consider, the root has degree t, all other vertices either have degree 1 (leaf) or have degree t + 1.
Definition 3 (Canonical rooted tree).
A rooted tree is called canonical if its corresponding prefix code has the property that the lexicographic ordering of its words corresponds to a nondecreasing ordering of the word lengths.
Let us say that two rooted t-ary trees are equivalent, if their number of leaves at distance i from the root is the same, for all i. Let f t (r) denote the number of equivalence classes of t-ary rooted trees with exactly r leaves.
Note that each equivalence class contains exactly one canonical tree. Also, if the tree has a i leaves at distance i from the root, then i a i t i = 1. This follows inductively, since a leaf at distance i from the root, i.e. which contributes a weight 1 t i , can be split into t children at distance i + 1, of weight 1 t i+1 each. As these rooted t-ary trees correspond to a compact code, we also call these trees "compact trees".
Using The corresponding canonical rooted tree is in Figure 2 . In our usual way of drawing these [20] and Flajolet and Prodinger [11] . The problems of counting these sequences are equivalent to the earlier counting problem. For these sequences the ratios
are bounded, which is why one may call these sequences "bounded degree sequences". Flajolet and Prodinger [11] used this definition when they counted level number sequences of trees.
Definition 4 (Bounded degree). Let t ≥ 2, r ≥ 2 be integers. Let f t (r) denote the number of sequences
For convenience we will later also use g t (n) = f t (1+n(t−1)). (Here, one can think of n = r−1 t−1
).
A bijection between the last two definitions is as follows: Given a canonical tree, we set b i to be the number of inner vertices at height i − 1. Observe that the b i inner vertices guarantee that there are at most tb i vertices of any type (inner vertices or leaves) on the next level.
A very similar definition is due to Even and Lempel [9] .
Definition 5 (Proper words). Let t ≥ 2 and n ≥ 1 be integers. A word u 1 . . . u n over the alphabet {0, 1} is said to be a proper word, if it can be written in the form u 1 . . . u n = 0 c 0 10
Note that the sequence c i describes the lengths of the runs of consecutive zeros. We note also that from the representation as a word of length n, we immediately get
To see that Definition 5 is equivalent to Definition 4, we simply note that the relations b i+1 = c i + 1 and n = r−1 t−1 induce a bijection between the objects counted in the two definitions. Even and Lempel [9] also give a combinatorial interpretation of this bijection (for t = 2, but the generalisation is straight-forward): essentially, for each 1 in a proper word, they replace a leaf of maximum height by an inner vertex with t leaves as successors; for each 0, they replace a leaf of second-most height by an inner vertex with t leaves as successors.
We briefly mention some further approaches which investigate equivalent sequences. Working on a different problem, Minc [22] reduced it to the study of a binary bounded degree sequence, Definition 4 above. Let A be a free commutative entropic cyclic groupoid. The number of elements of A of a given degree turns out to satisfy the relation above. (For a full description we must refer to [22] ). The condition in Definition 4 looks like a special partition function. Andrews [2] expanded on Minc's work, in particular studying generating functions.
A further problem, on lambda algebras Λ p , has been related to these sequences, see Tangora [31] .
1.4. An example. As an example for these various definitions, let us compute f 2 (5) = 3 in the different forms. Using Definition 1:
is a complete list of all solutions. Counting Huffman sequences (Definition 2) we count (a 0 , a 1 , . . .) where a i is the number of occurrences of the fraction 1.5. An observation. When evaluating f t (r), according to the Definition 2 of Huffman sequences it suffices to investigate in which way a solution counted by f t (r − t + 1) can be split. Let S t (r) denote the set of all sequences counted by f t (r). Generally, (a 0 , a 1 , . . . , a i , . . . , a l ) can be split into (a 0 , a 1 , . . . , a i − 1, a i + t, . . . , a l ), whenever a i > 0. Starting from a complete set of solutions, that is S t (r − t + 1), one only needs to branch each sequence at the last two positions, in order to compile a complete set of solutions, S t (r). The reason for this is that all elements of S t (r) obtained from branching at any of the earlier positions will be obtained from another member of S t (r − t + 1) by branching at the last two positions. Before we generally prove this let us look at an example. Let us determine S 2 (6), starting from the three elements of S 2 (5) = {01112, 0104, 0032}:
There is no need to consider 0|1112 → 0|0312, or 01|112 → 01|032 or 0|104 → 0|024, as these are obtained otherwise.
To see this generally, let us consider the step from
l i=0 a i = r − t + 1, with a l > 0, we need to check if (a 0 , a 1 , . . . , a i − 1, a i+1 + t, a i+2 , . . . , a l ) ∈ S t (r) will be reached by branching an appropriate element of S t (r − t + 1) in any of the last two positions only.
Note that (a 0 , a 1 , . . . , a i −1, a i+1 +t, a i+2 , . . . , a l−1 +1, a l −t) ∈ S t (r−t+1). Hence one reaches (a 0 , a 1 , . . . , a i − 1, a i+1 + t, a i+2 , . . . , a l−1 , a l ) ∈ S t (r) by branching in the last two positions only. We may also observe that this gives a trivial upper bound of f t (r) ≤ 2 r−1 t−1 . Using the above observation of branching at two positions only, Narimani and Khosravifard [23] describe a recursive algorithm to create all codes counted by f t (r).
The first terms of the sequence f 2 (r) are: (see also [28] ). For general t, the sequence is only non-zero for r = 1 + (t − 1)n. For convenience one examines g t (n) = f t (1 + n(t − 1)) instead, see Definition 4. For reference purposes we list the first values of the sequences g t (n) in Table 1 . In these tables one can easily notice the observation above, g t (n) = f t (r) ≤ 2 r−1 t−1 = 2 n . The sequences g 2 (n), g 3 (n) and g 4 (n) have been included into the OEIS (sequences A002572, A176485 and A176503). (The latter two sequences only after the appearance of the Paschke et al. paper [28] .) 1.6. The growth of f t (r). As far as we are aware of, Bende (1967) [4] and Norwood (1967) [24] were the first to examine the sequence f 2 (r), and they observed the connection to coding theory and trees. (Minc's 1958 paper [22] was, of course, earlier but had less interest in the sequence itself.) Bende asked about the asymptotic growth. Erdős in his review of Bende's paper (Mathematical Reviews) also wrote it is "desirable" to know the asymptotic. 
The early 1970's saw a considerable number of contributions to the problem, such as Boyd [5] , Even and Lempel [9] , and Gilbert [13] .
A trivial upper bound for the number of rooted canonical trees on |V | vertices is 2 (
|V |
2 ) . A much more precise bound is the number of all trees. The number of binary trees on |V | vertices is determined by the Catalan numbers
) and the number of non-isomorphic trees is asymptotically ∼ C 2 C n 1 n −5/2 , where C 1 = 2.955 . . . and C 2 = 0.5349 . . ., see Otter [26] . A trivial lower bound comes from observing that Definition 4 shows that f 2 (r) ≥ F r , where F r is the number of ways of partitioning r − 1 into ones and twos. It is known that this is the r-th Fibonacci number so that f 2 (r) ≥ 0.4472 × 1.618329 r (for sufficiently large r). Similarly, a lower bound on f t (r), can be obtained by partitioning r − 1 into 1's, 2's . . . and t's. By means of the generating series of . Boyd, and Komlos, W. Moser and Nemetz also study the case of more general t. As noted before: as f t (r) is positive only for r = 1 + n(t − 1), one examines g t (n) = f t (1 + n(t − 1)) instead.
In particular Komlos, Moser and Nemetz observed that g t (n) ∼ K t ρ n t with ρ t → 2, as t increases. Flajolet and Prodinger [11] also refer to other areas, where the sequence f 2 (r) naturally occurs.
Building upon [11] , but not being aware of [5] nor [20] , Tangora (1991) [31] generalised the results to prime values of t.
Another string of references follows from Gilbert's experimental observation that f 2 (r) ≈ 0.148(1.791) r , see [13] . The observation was based on the values for r ≤ 30, and is relatively close to the true asymptotic f 2 (r) ∼ 0.1418 . . . (1.7941 . . .) r . However, these approximations have been referred to in the more recent coding literature, see for example [27] , [29] , [1] , [23] , [18] and [19] .
More recently Burkert (2010) [7] and Paschke, Burkert, Fehribach (2011) [28] studied f 2 (r) and f t (r) respectively, unfortunately with inferior results and unfortunately being unaware of the earlier work.
1
In the results that we describe in detail in the next section, we state a rather precise asymptotic formula, with two main terms, and an error term, which is exponentially smaller. As an example, one finds an approximation 2 )| ≤ 36.6 · 1.123 50 ≤ 12092, the absolute error is much smaller and, in this case, the above approximation predicts the correct value of f 2 (50) = 699427308155.
1.7.
A note on algorithms and complexity. The question of the complexity of the evaluation of f 2 (r) is raised in Even and Lempel [9] . They give an algorithm to determine f 2 (r) in O(r 3 ) additions. This appears to be the only algorithm with analysis of its complexity. They also state another algorithm to give a complete list of the f 2 (r) elements.
Huffman, Johnson and Wilson [15] describe another algorithm to give a complete list. A tree based algorithm for generating the binary compact codes is described in [18] . Narimani and Khosravifard [23] describe a recursive algorithm to create all t-ary codes of length r by those of length r − t + 1.
Results
In the following, a tree will always be a t-ary rooted canonical tree. The set of t-ary canonical trees is denoted by T . The number of inner vertices (non-leaves) of a tree T is denoted by n(T ). Setting c n := g t (n) to be the number of trees T ∈ T with n inner vertices, we are interested in the generating function
This generating function can be computed explicitly:
1 The oversights some decades ago can be easily explained due to the fact that the results were discovered independently by people with interests in number theory, coding theory or graph theory. Boyd's paper [5] has a number theoretic title, the Komlos et al. paper [20] a coding title and appeared in a less accessible journal. Using standard tools such as MathSciNet, Zentralblatt, Google Scholar, Online Encyclopedia of Integer Sequences (OEIS) we found a considerable corpus of literature referring to the result that f t (r) ∼ K t · ρ r t .
Theorem 6. Setting
.
Using the generating function, we can give a very precise asymptotic expression for c n . In view of the numerous asymptotic approximations we would like to point out that this is the first result containing two main terms and an explicit error term.
Theorem 7. For t ≥ 2, the following holds:
Here ρ > ρ 2 > r 3 and R, R 2 , R 3 are positive real constants to be specified below, and depending on t. Here and below, ε j (. . .), j = 1, . . ., denote real functions with |ε j (. . .)| ≤ 1 for all valid values of the respectively indicated parameters. For t ≥ 16 we have
2) 
For 3 ≤ t ≤ 15, (2.1) holds with (2.2), (2.5), (2.6) and the values for ρ 2 , r 3 and R 3 given in Table 2 .
For t = 2, (2.1) holds with (2.6) and the values for ρ, ρ 2 , r 3 , R and R 3 given in Table 2 .
For simplicity the functions ε j can be thought of as O (1) terms. Some of our proofs indeed depend on explicit values of the error bounds. For this reason we had to compute absolute O-constants in any case, and decided to include these in the statement of the theorem.
The asymptotic result focusses on the first and the second exponential terms ρ n+1 and ρ n+1 2
and no effort has been made to improve the error term r n 3 : note that for large t it is not much smaller then the second order term ρ n+1 2 . For Table 2 the values r 3 have been improved by a computer calculation in comparison with Equation (2.4), also leading to a stronger value of the constant R 3 in comparison with (2.7). In principle, this type of improvement is possible for any fixed t ≥ 16 as well. Table 2 . Values for small values of t. Starred ( * ) entries correspond to values satisfying the asymptotic estimates of Theorem 7. The values could be given with much higher precision, there is some uncertainty about the last digit.
The asymptotic expansions of ρ, ρ 2 , R and R 2 can always be refined by further iterating the fixed point equations in the proof of Proposition 10. So for fixed k, we could refine the estimates for ρ and R to a precision of t k 2 −tk and the estimates for ρ 2 and R 2 to a precision of t −k .
Generating Function
This section is devoted to the proof of Theorem 6.
Proof of Theorem 6. In the proof of the theorem, we will actually consider more refined statistics in order to derive a functional equation for a more general generating function.
The height of a vertex in a rooted tree is defined to be its distance from the root. So the root has height 0. The height height(T ) of a tree T is defined to be the maximal height of its vertices.
For a rooted tree T , we set m(T ) to be the number of leaves of maximum height of T . We will derive a functional equation for the generating function
i.e., u counts the number of leaves of maximal height and q counts the number of inner vertices. By definition, we have F (q) = G(q, 1).
To derive the functional equation for G(q, u), we partition T with respect to the height and consider
Obviously, we have
A tree T of height k corresponds to exactly m(T ) trees T j , j ∈ {1, . . . , m(T )}, of height k + 1: T j arises from T by replacing j of the m(T ) leaves of maximum height by vertices with t attached leaves. On the other hand, all trees T of height k + 1 are uniquely described by this process.
Thus we have
We have G 0 (q, u) = u, so summing over all k ≥ 0 yields
The generating function G(q, u) is certainly convergent for |u| ≤ 1 and |q| < 1/2, as can be seen from (3.1).
We now keep q with |q| < 1/2 fixed and consider everything as a function of u with |u| ≤ 1. We use the abbreviations h(u) = qu t /(1 − qu t ) and g(u) = G(q, u). We rewrite the functional equation (3.2) as
By iteration, we obtain
exist and we have lim k→∞ c k (u)g(q k+1 u t k+1 ) = 0.
Thus we obtained g(u) = a(u) + b(u)g (1) . Setting u = 1 yields
Asymptotics
We will use the following notations in order to work with the generating function F :
The quantities have been defined such that
We intend to work with the finite sums D K and N K for fixed values of K, so we need upper bounds for the approximation errors.
(4.1b)
These bounds are decreasing in t and increasing in |q|.
Proof. As |f j (q)| ≤ f j (|q|) and f j (|q|) is decreasing in j, we have
which, upon inserting the definition of f j , yields (4.1b). The approximation bound (4.1b) for the numerator follows along the same lines, we get an additional factor q [K] .
We will also need estimates for the derivative D (q):
Lemma 9. Let t ≥ 30 and q ∈ C with 1/2 ≤ |q| ≤ 1/r 3 , where r 3 is defined in (2.4).
Proof. Let q = 1/z with r 3 ≤ |z| ≤ 2. Then
3 − 1). By estimating the relevant power series, we get
We have
The exponential growth of the coefficients c n of F (q) is directly related to the dominating pole 1/ρ of F (q). So we now investigate the location of the poles of F (q).
Proposition 10. Let t ≥ 2. Then there are exactly two poles 1/ρ and 1/ρ 2 of F (q) with |q| ≤ 1/r 3 , where r 3 has been defined in (2.4) (or Table 2 for t ∈ {2, 3}).
Both 1/ρ and 1/ρ 2 are simple poles of F (q). The dominant pole 1/ρ of F (q) is asymptotically given by (2.2) (or Table 2 for t = 2).
The residue of F (q) at 1/ρ is −R where R is asymptotically given by (2.5) (or Table 2 for t = 2).
The pole 1/ρ 2 is given by (2.3) (or Table 2 for 2 ≤ t ≤ 15), the residue of F (q) at 1/ρ 2 is −R 2 , where R 2 is given in (2.6).
Finally, we have
3) for all q with |q| = 1/r 3 .
The proof of Proposition 10 relies on rewriting the equation D(q) = 0 into two fixed point equations, one for each of the two poles. Inserting preliminary bounds into these fixed point equations improves these bounds. This method is known as bootstrapping. The first pole is an attracting fixed point of the first fixed point formulation, whereas the second pole is a repellent fixed point of this first fixed point formulation. So we need to take inverses in order to turn the second pole into an attracting fixed point. However, inversion involves extracting a (t + 1)-st root, so several branches occur. Additional inequalities are required in order to decide which branch to take. We repeatedly use power series estimates in order to get the required inequalities. In order to sharpen these estimates, we assume that t ≥ 30.
Proof. In the proof of this proposition, some more functions ε j (. . .) occur. We first allow complex values for the ε j (. . .), it will later turn out that those occurring in Theorem 7 have only real values.
In the following, we consider the case t ≥ 30. Assume that 1/z is a pole of F (q) with |z| ≥ 1 + a/t for some 2 ≥ a ≥ log 2. As N (q) is holomorphic for |q| < 1, cf. Lemma 8, 1/z must be a root of D(q). Using K = 3, we get We conclude that z = 2 + O(1.18 −t ). We now rewrite (4.4) as
If this does not yield sufficient progress, the squares have been "bisected" into four squares. After a certain number of operations, there are only two small regions which might contain a root. Estimating the derivative, we see that there is at most one root in each of these regions.
As it is suspected that these roots are real, the real bisection method is employed to determine the roots with higher precision. The approximation errors D(q) − D K (q) can also be handled by adding the corresponding interval in the interval arithmetic.
We are now able to prove Theorem 7.
Proof of Theorem 7. This is a consequence of singularity analysis [10] , cf. also [12] . In this simple case, this also follows from Cauchy's integral formula and the residue theorem (and Proposition 10):
+ c n .
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